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Abstract. We construct a variant of Karoubi's relative Chern character for 
smooth, separated schemes over the ring of integers in a p-adic field and prove 
a comparison with the rigid syntomic regulator. For smooth projective schemes 
we further relate the relative Chern character to the etale p-adic regulator via 
the Bloch-Kato exponential map. This reproves a result of Huber and Kings for 
the spectrum of the ring of integers and generalizes it to all smooth projective 
schemes as above. 
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Introduction 

If A is a Banach algebra one can view it as an abstract ring and consider its 
algebraic K-theory or one can take the topology into account and then consider its 
topological K-theory. There is a natural map from the former to the latter and so 
one can form the homotopy fibre of this map giving the relative K-theory. Karoubi's 
relative Chern character [30] [3TJ [15] is a homomorphism 

mapping relative K-theory to continuous cyclic homology. It was an idea of Karoubi 
[29l [30] that the relative Chern character could be used for the construction of 
regulators. In accordance with this idea Hamida [23] established, for A — C the 
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field of complex numbers, a precise relation between the relative Chern character 
and the Borel regulator [5J 

*f 2 n-l(C) -> C. 

Karoubi's construction works equally well in the case of ultrametric Banach algebras 
and building on previous work by Hamida [23] we proved in (SHj the p-adic analogue 
of the above result giving the precise relation of the relative Chern character with 
the p-adic Borel regulator introduced by Huber and Kings [27J . 

Changing perspective, let X be a smooth variety over C. Again we have the al- 
gebraic K-theory of X but we can also consider the topological K-theory of the 
complex manifold associated to X. It is natural to ask for a generalization of 
the previous results to this situation. Here the analogue of the cyclic homology 
groups are the quotients of the de Rham cohomology by the Hodge filtration and 
Borel's regulator is replaced by Beilinson's regulator mapping algebraic K-theory 
to Deligne-Beilinson cohomology. In this setup we proved a comparison between 
the relative Chern character and Beilinson's regulator in [3T] . 

It is the goal of the present paper to prove the p-adic analogue of this result. So 
let R be a complete discrete valuation ring with field of fractions K of characteristic 
with finite residue field of characteristic p and consider a smooth i?-scheme X. The 
p-adic analogue of Beilinson's regulator is the rigid syntomic regulator introduced by 
Gros [2D] and developed systematically by Besser [7J . We introduce topological and 
hence relative if-theory of X and relative cohomology groups H* cl (X,n) mapping 
naturally to the rigid syntomic cohomology groups. These are the target of the 
relative Chern character in this situation. Our main result is 

Theorem. Let X be a smooth R-scheme and i > 0. The diagram 

Kf{X) >Ki(X) 

' \ j 

H%-*-\X, n) - H^-*(X, n) 

commutes. 

If X is proper the lower horizontal map is in fact an isomorphism and both 
groups are given by H^- i - 1 (X K /K)/F n H^ i ~ 1 (X K /K) as in the classical case. 
Moreover, for X projective, Parshin's conjecture would imply that also the upper 
horizontal map is rationally an isomorphism. 

One of the possible advantages of this approach to the syntomic regulator is 
that Karoubi's constructions give quite explicit formulas. For instance, in the case 
X = Spee(i2), these have been used in the comparison of Karoubi's regulator with 
the p-adic Borel regulator |39j and in computer calculations by Choo and Snaith 

Let me indicate another possible application: One can also define topologi- 
cal and hence relative K-theory of ^-schemes using the associated rigid space 
and the techniques of this paper give a relative Chern character K\ (Xk) — > 
~ 1 ~ 1 {Xr / K) / F n . If X is a smooth and proper i?-scheme there is a natural 
map Kl° l (X) —> KI c1 (Xk) and the relative Chern character for X factors through 
the relative Chern character of Xk- Hence, assuming Parshin's conjecture, for X 
smooth and projective, the relative Chern character would give a description of the 
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syntomic regulator for X solely in terms of the generic fibre Xk ■ It is expected that 
such a description exists as explained by Besser in his talk [S]. 
From the Theorem we also get the following corollary: 

Corollary. Assume that X/R is smooth and projective. Then 
Kf(X) Ki(X) 



Hl^-\X K /K)/F- — H^K, H 2 6 r l -\X Wl Q p (n))) 

commutes. 

Here r p is the etale p-adic regulator and exp is the Bloch-Kato exponential map 
of the p-adic Ga^if/i^-representation Q p (n)). This corollary may 

be seen as a generalization of the main result of Huber-Kings (27J Theorem 1.3.2] 
which is the case X = Spec(i?) and amounts to the commutativity of 

K 2n -i{R) — H^K, Q p {n)) 

p-adic Borch 

DdR{Qp(n)) 



to all smooth, projective i?-schemes (see our Corollary 5.25). 

A result related to ours is proven by Chiarellotto, Ciccioni, and Mazzari in [12] . 
They provide an alternative construction of the rigid syntomic regulator in terms 
of higher Chow groups and syntomic cycle classes. A key step in their construction 
is the compatibility of the de Rham and rigid cycle classes under the specialization 
map from de Rham cohomology of the generic fibre to rigid cohomology of the spe- 
cial fibre, whereas our result in some sense rests on the compatibility of topological 
and rigid Chern classes. 

Let us describe the contents of this paper in more detail. The key ingredient 
that enables us to compare the relative Chern character and the rigid syntomic 
regulator is a new description of the former one in Section [4] which is similar to the 
construction of Chern class maps on higher K-groups by Beilinson [3J, Huber [2"o] . 
and Besser [JJ . This is made possible by the nice functorial complexes of Besser [7] 
and Chiarellotto-Ciccioni-Mazzari [12]. Their construction is recalled in Section [3] 
with some simplifications coming from the systematic use of Grofie-Klonne's dagger 
spaces [2H [52], the necessary background from rigid resp. "dagger" geometry is 
collected in Section [T] In Section [2] we recall Karoubi and Villamayor's definition of 
topological K-theory for ultrametric Banach rings [32J [TT] and extend it to smooth, 
separated i?-schemes. The main comparison theorem and its applications are proven 
in Section [5j Finally, in Section [6] we recall Karoubi's original construction of the 
relative Chern character and show that it is consistent with that of Section [4j 

Acknowledgments. I would like to thank the California Institute of Technology 
where most of this work was done and especially Matthias Flach for their hospi- 
tality. Furthermore I would like to thank the Deutsche Forschungsgemeinschaft for 
financial support. 

Notation. For p e N = {0, 1, 2, ... } we denote by [p] the finite set {0, . . . ,p} 
with its natural order. The category of finite ordered sets with monotone maps is 
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the simplicial category A. The unique injective map [p — 1] — > [p] that does not hit 
i is denoted by d l . Similarly, s 1 : [p+ 1] — > [p] is the unique surjective map such that 
s l (i) — s % (i + 1). These induce morphisms di, Si (resp. 9 l , s l ) on every (co) simplicial 
object called (co)face and (co)degeneracy morphisms, respectively. 

For a group object G we define the simplicial objects E,G and B,G by E p G = 
G x (p +1 ) and B p G = G xp with faces and degeneracies as in [27, 0.2]. 

1. Preliminaries on rigid geometry 

In the definition of rigid cohomology one usually works with rigid analytic spaces 
and their de Rham cohomology. However, as de Rham cohomology is not very well 
behaved for rigid spaces one has to introduce some overconvergence condition. An 
elegant approach to do this is to replace rigid spaces by Grofie-Klonne's dagger 
spaces [2TJ [22] . We recall some basic definitions and facts which will be needed in 
the rest of the paper. 

Let R be a complete discrete valuation ring with field of fractions K of charac- 
teristic and residue field k of characteristic p > 0. Fix an absolute value | . | on 
K. 

1.1 (Rings). The if-algebra of overconvergent power series in n variables x = 

(xi,.. .,x n ) is K(x)i := ^Y,a v s^\a v € K, 3p > 1 : \a u \p^ H ^°°> oj . We denote 

by R(%) the sub-i?-algebra of overconvergent power series with i?-coefficients. A 
K- (resp. R-)dagger algebra is a quotient of some K(x)^ (resp. R(x)^). 

The algebra of overconvergent power series carries the Gaufi norm a v x"\ = 
supj, \a v \. Its completion with respect to this norm is the Tate algebra of convergent 

power series K(x) = a vX v \ \ a v\ ^~ > ° > 0}. Similarly, the completion of R(x)^ 
is R(x). Quotients of these are called K- (resp. R-)affinoid. These are Banach 
algebras. 

If A — R[x]/I is an _R-algebra of finite type its weak completion is the i?-dagger 
algebra := R{x)' / 1 R{x)^ . Similarly, we have the weak completion of if-algebras 
of finite type. 

The categories of R- resp. ^-dagger and affinoid algebras admit tensor products. 
E.g. if A = R(x)^ /I and B = i?(y) 1 '/J are i?-dagger algebras their tensor product 
is given by A (g)Jj B = iZ(x,y)t/(j + J). 

1.2 (Spaces). We only sketch the main points here, referring the reader to [2T[ 122] 
for details. Similarly as one defines rigid analytic spaces that are locally isomorphic 
to max-spectra of if-affinoid algebras with a certain Grothendicck topology, dagger 
spaces are defined by taking the max-spectra Sp(A) of if-dagger algebras A as 
building blocks J22J 2.12]. For any dagger space X one has an associated rigid space 
X T1S and the natural map of G-ringed spaces X" s — > X is an isomorphism on the 
underlying G-topological spaces ("completion of the structure sheaf") [22J 2.19]. 

There exists a dagger analytification functor X X^ from the category of 
if -schemes of finite type to the category of if-dagger spaces. There is a natural 
morphism of locally G-ringed spaces X^ A X which is final for morphisms from 
dagger spaces to X [22} 3.3]. 

We also need the notion of weak formal schemes f 1211 Ch. 3] and originally 
|33|). Let A be an i?-dagger algebra and A = A ®^ k. Then D(f) i— > A( hy where 
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/ € A lifts / 6 A defines a sheaf of local rings on the topological space Spec(A). 
The corresponding locally ringed space is the weak formal R-scheme Spwf(A). A 
general weak formal i?-scheme is a locally ringed space that is locally isomorphic 
to some Spwf(A). 

Sending Spwf(A) for an i?-dagger algebra A to Sp(A (E)r K) induces the generic 
fibre functor 36~ H ► from weak formal i?-schemes to -fC-dagger spaces and there 
is a natural specialization map sp: 36k ~^ 36 ' . 

Taking the weak completion of finitely generated i?-algebras induces the functor 
IhI from i?-schemes of finite type to weak formal i?-schemes. There is a natural 
morphism of dagger spaces from the generic fibre of the weak completion of X, 
Xk, to the dagger analytification X K of the generic fibre Xk of X. This is an 
open immersion if X is separated and an isomorphism if X is proper over i?(cf. 
Proposition 0.3.5]). For example, if X = then Xk = Sp(K(xy) is the closed 
ball of radius 1 in (A^) T . 



2. Preliminaries on K-theory 

2.1. Let A be an ultrametric Banach ring with norm | . |, e.g. an affinoid algebra. 
In [32] Karoubi and Villamayor introduce K-groups of A that we will denote by 
K^ p (A),i > 1, which were further studied by Calvo [11]. A convenient way to 
define them is the following: Set 

A(xq, . . . , x„) := l^2a„x"\a l y E A, \a v \ ^^°°> 

and A n :— A{x Q , . . . , x n )/(^2 i Xi — 1). Then [n] A n becomes a simplicial ring 
in a natural way and hence B m QL(A m ) is a bisimplicial set. Abusing notation, we 
denote its diagonal simplicial set by the same symbol. We define 

K^ v {A):=^{B,Gh{A.)), i > 1. 

That this definition coincides with the original one in [32l [11] follows from an 
argument of Anderson [21 Theorem 1.6] (cf. [401 Proposition 7.3]). 

For our purposes it is important to know that one can compute the K-theory 
of affinoid algebras using dagger algebras. More precisely, let R be a complete 
discrete valuation ring with field of fractions K of characteristic and residue field 
k of characteristic p > as before. We define the simplicial ring Rl by R) n = 
R{xq, . . . , x n ) </ (X^j^i — 1) with the obvious structure maps. For any i?-dagger 



algebra A we set A m = A (g)L Rl (cf. 1.1 ) and define topological K-groups by 

K£,(A):=Tr i (B.GL(A m )), i > 1. 

Using Calvo's techniques we have shown in [301 Proposition 7.5] that these agree 
with the Karoubi- Villamayor K-groups of the completion A of A: 

k£(A)*k£(A), i>i. 

Now let X = Spec(A) be an affine scheme of finite type over R. 

Definition 2.2. We define the topological K-groups of X to be the K-groups of 
the (weak) completion of A: 

K£(X) := = K t -i(A), i > 1. 
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Let Zoo be Bousfield and Kan's integral completion functor T^. Then the al- 
gebraic K-groups of X are given by Ki{X) = n i (Z oc> B,GL(A)), i > 1 (cf. [H)I 
Theorem 2.16] Set &(A) := Z^B. GL(A) x ZocB# gl(aI) Z °°^» CL^^and define 
the relative K-groups of X as 

(2.3) Kf{X) := m^[A), i > 0. 



Lemma 2.4. (i) There are long exact sequences 

■ ■■ K?\X) Ki{X) K t -i(X) -> KT\{X) -+ . . . 

(ii) Let F(A) := B. GL(A) x B> GJj f A U E. GL{Al). The natural map ZF '(A) -> 
Z^F(A) is a weak homotopy equivalence. 

Proof, (i) The projection p: E, GL(A\) —> B m GL(Al) is a fibration of simplicial 
sets with contractible total space. This is preserved by the integral completion 
functor [TO! I 4.2], hence &(A) is weakly homotopy equivalent to the homotopy 
fibre of the natural map Z^B, GL(A) —> Z^B, GL(Al). Since B. GL(At) has the 
homotopy type of an H-space, B, GL(Al) -> Z^B. GL(Al) is a weak equivalence, 
too, and the claim follows (cf. [21 Theorem 2.2]). 
(ii) By construction we have cartesian squares 

F(A) > e. GL{A\) and &(A) > Z^E. GL{&) 



B. GL{A) ^ B. GL(4) Zoo^. GL(A) ^ Z^B. GL(Al) 

Since B.GL(Al) -> Z^B. GL(At) and E.GL(Al) -> Z^S. GL(a1) are both 
weak equivalences, so is the map from the fibre of p to that of Z^p. Hence the 
same is true for the map from the fibre of the fibration F(A) — > B, GL(A) to 
that of &(A) -» Zoofl. GL(A). Moreover, the map of base spaces B, Gh(A) — > 
ZooS. GL(^4) is acyclic, and hence a comparison of the associated Serre spectral 
sequences yields that F(A) —> ^{A) induces an isomorphism in integral homology, 
whence the claim. □ 

We extend the definition of topological and relative K-theory to smooth, sepa- 
rated i?-schemes X of finite type as follows. According to [26, Proposition 18.1.5] 
we have isomorphism^ 

(2.5) K t (X)= lim 7r i holim(Z OOJ B.GL(Z7.)), i>l 

u.->x A 

where U» — > X runs through all finite affine open coverings of X viewed as simplicial 



schemes. In analogy to (2.5) we define 



K^ p (X):= lim m holimB. GL(U. x A*), i > 1, and 
e/.-kX A 

Kl c \X) := Urn tt 4 holim &(U.) 
u.^x A 



&(A) is naturally a bisimplicial set and here we also write &(A) for its diagonal simplicial 
set. Later on we will also have to use the bisimplicial structure and then refer to the diagonal 
explicitly by diagj?(j4). 

2 Huber uses Tot instead of holim^- From her proof it is clear that the result holds with holim. 
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Here A p = Spec(i?[a;o, . . . , x p ]/ (^2 i Xi — 1)) is the algebraic standard simplex over 
R and A the associat ed w eak formal scheme so that if U = Spec (A) then U x A p 
Spwf <g)tj i?t) 

sec 



1.2) 



Lemma 2.6. (i) If X = $pec(A) is affine and smooth over R these defini- 

tions coincide with the earlier ones. 
(ii) There are long exact sequences 

■ ■ ■ -+ Kf(X) -+ KdX) -+ K^ p (X) -> K?\{X) -> . . . 

as before. 



Proof, (i) We use the following fact due to Calvo [TT]: Let ir be a uniformizer of R 
and B be an i?-dagger algebra such that B/ttB is regular. Then the reduction B — > 
B/irB induces isomorphisms K^ Q l p (B) — > Ki(B/nB) for all z > 0. In particular, for 
a smooth affine i?-scheme J7 we get weak equivalences 

B. GL(C> x R A') ^ B. GL(U k x k A*) Z^B. GL(U k ). 

Since holim preserves weak equivalences between fibrant simplicial sets, for any 
open affine covering U % X viewed as simplicial scheme we get weak equivalences 

holim 5. GL(L>. x R A*) holim Z^B. GL{(U.) k ) 

Taking -Ki and the limit over all finite affine coverings yields isomorphisms 

lim m holim B, Gh{U. x R A*) ^> lim tt, holim Z X B, GL((U.) k ) 
u,->-x A u.^x A 



2.5\ Calvo 



top V 

rel 



which is (i) for K top . Using the five lemma the result for Kl follows from this, 



(2.5) again, and (ii). 

(ii) follows from Lemma [2. 4| and the fact that holim preserves homotopy fibra- 
tions of fibrant simplicial sets |421 Lemma 5.12]. □ 

3. Preliminaries on functorial complexes 

For our construction of the relative Chern character we need functorial complexes 
computing the different cohomology theories involved. The main work has been done 
before by Huber [33], Besser [7], and Chiarellotto-Ciccioni-Mazzari [T^]. The only 
difference in our approach is the systematic use of dagger spaces also initiated by 
Huber and Kings |27j which simplifies the construction of the rigid and syntomic 
complexes. 

3.1 (Godcmcnt resolutions). We recall some facts on Godement resolutions (see 
[T2l Sections 3 and 4] for more details and references). To a morphism of sites 
u: P — >• X and an abelian sheaf T on X one associates a cosimplicial sheaf [p] n- 
(u*u*) p+1 J- on X where the structure maps are induced by the unit and the counit 
of the adjoint pair (u*,u*) between the categories of abelian sheaves on P and X. 
The associated complex of sheaves on X will be denoted by GdpJ 7 . There is a 
canonical augmentation J- — > Gdp T which is a quasi-isomorphism if u* is exact 
and conservative (e.g. [551 Lemma 3.4.1]). 
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We want to use this in the situation where P is a certain set of points of (the 
topos associated with) X with the discrete topology. The first case is that of a 
scheme X. Here we take P = Pt(X) to be the set of all points of the underlying 
topological space of X. Then u* is given by F H > YlxeX which is exact and 
conservative and F — > Gdp t (x) F is the usual Godement resolution. 

The second case is that of a dagger space X. Here it is not enough to take 
just the usual points of X. Instead, one has to use the set of prime filters on X 
(introduced in [15] ) as alluded to in [7] and carried out in [12] Section 3]. We take 
P = Pt(X) to be the set of prime filters (O Definition 3.6]) on the rigid space 
A ng associated with X with the discrete topology. Then there are morphisms of 

sites Pt(X) — > A ri s X. 

IT2l 3.6] cf. O 

Since i is the identity on underlying G-topological spaces we get from [121 Lemma 
3.8] that is exact and conservative. Hence for any abelian sheaf F on X the 

augmentation F — > Gdp t (x) A is a quasi- isomorphism. 

It is important to note that in both cases the complex Gdp F consists of flabby 
sheaves. This follows automatically since on a discrete site every sheaf is flabby and 
direct images of flabby sheaves are flabby. 

More generally, if F* is a complex of abelian sheaves on X we can apply Gdp to 
each component to get a double complex. We then denote by Gdp F* its associated 
total complex. It follows from a simple spectral sequence argument that the induced 
morphism F* — > Gdp F* is a quasi-isomorphism. 

An important feature of the Godement resolution is their functorial behavior: If 




is a commutative diagram of sites, and F (resp. Q) is a sheaf on X (resp. Y), then a 
morphism F — > f*Q induces a morphism Gdp J 7 — » /* GdQ Q compatible with the 
augmentations jTSJ Lemma 3.2]. 

3.2 (Analytic dc Rham cohomology). Let A be a smooth A-dagger space. There 
is a notion of differential forms on X (cf. [HI §4]): For an open affinoid U = Sp(A) 
the differential d: A — T(U,&x) ~ > ^(U,fl x , K ) is universal for AT-derivations of 
A in finite ^4-modules. As usual one constructs the de Rham complex £l* x i K and 
defines 

H* dR (X/K) :=B*(X,Q X/K ). 
We define a complex of A-vector spaces functorial in X 

RT dK {X/K) := F(A, Gd Pt(x) Q* x/K ). 

Since the complex Gdp t (x) ^*x/k consists of flabby sheaves which are acyclic for 
F(A, . ) we have natural isomorphisms 

H*(RT dK (X/K))^H* dR (X/K). 

3.3 (Algebraic de Rham cohomology). Here A is a smooth, separated scheme of 
finite type over K. Its de Rham cohomology is by definition the hypercohomology 
of the complex of Kahler differential forms: 

H* R (X/K) :=W*(X,Sl x/K ). 
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It is equipped with the Hodge filtration constructed as follows: By Nagata's com- 
pactification theorem and Hironaka's resolution of singularities there exists a good 

compactification of X , i.e. an open immersion X > X of X in a smooth, proper 
-ftf-scheme X such that the complement D = X — X is a divisor with normal cross- 
ings. On X one has the complex ^^^ K (log D) of differential forms with logarithmic 
poles along D. There are isomorphisms 

H* dR (X/K)=M*(X,n*x /K (logD)), 

the Hodge-de Rham spectral sequence E{' q = H q (X,Q^ (logD)) =► H^ R {X/K) 
degenerates at Ei and the induced filtration H dR (X/K) is independent from the 
choice of X. It is given by 

F n H* dR {X/K) = M*(X,nf /K (logD)) 

(> n denoting the naive truncation). 

Since the good compactifications of X form a directed set with respect to inclu- 
sion and taking the colimit along a directed set is exact, to get functorial complexes 
computing algebraic de Rham cohomology together with its Hodge filtration we 
could take the colimit of the T(X, Gd Pt p^ il^^(log D)) along the system of good 

compactifications X of X. However, for the comparison with analytic de Rham 
cohomology it is technically easier to use the following variant (see [121 Proposition 
4.9]): 



Let X> be the dagger analytification of X (cf. 1.2) and Pt(X') as in 3.1 Pt(X) 
the usual set of points of the good compactification X of X. We can form the 
disjoint sum Pt(X^) U Pt(X) viewed as site with the discrete topology to get a 
commutative diagram of sites 

Pt(Xt) > Pt(X^) U Pt(X) 

(3.4) 

xt cf.of x *" x - 

On the other hand, there are natural morphisms of complexes of sheaves f2^^.(log D) 



j*VL* x i K — > j*i*fl* X f/ K which together with (3.4) induce a natural map 

(3.5) Gd pt(A-i)uPi(X) ^jc/ K ^°S. D ) -> J* L * Gd Pt(^t) ^xt/if ■ 
Thus we are led to define 

(3.6) F n RT dR (X/K) := lim_r(X, Gd Pt(xt)UPt(5f) fig^ (log£>)) 

where the limit runs over the directed set of good compactifications of X. 
It follows from the discussion above that there are natural isomorphisms 

H*(F n RT dR (X/K)) = F n Hl R [X/K), 

and ( |3.5| induces natural comparison maps 

(3.7) F n RT dR (X/K) -> RT dR (Xi/K). 
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4. Construction of the relative Chern character 

Now let X be a smooth, separated i?-scheme. Then we have its generic fibre Xk 
with dagger analytification X K , and its weak completion X with generic fibre Xk, 
related by the following morphisms of locally G-ringed spaces 

X K X k . 
In particular, we have morphisms of complexes 

(4.1) F"RT dR (X K /K) M> RT dR (X K /K) * *°»<*°^» > RT m {X K /K). 
Definition 4.2. We define functorial complexes 

RT Tel (X,n) := Cone(F n RT dR (X K /K) ^ RT dR (X K /K)) 

and relative cohomology groups H* cl (X,n) :— H* (RT rc i(X,n)). 

The goal of this section is to construct relative Chern character maps which will 
be homomorphisms 

cKy.Kf{X)^H^\X,n). 

Remark 4.3. In the present case of a smooth i?-scheme X, the de Rham cohomology 
of Xk is just the rigid cohomology of the special fibre Xk- Hence the relative 
cohomology groups sit in exact sequences 

••• fl^GT.n) F n W dR (X K /K) -+ H; ig (X k /K) -+ . .. 

4.4. We start with some notational preliminaries. If G = G. is a simplicial abelian 

group the associated (homological) complex is • • • — » G n A G„_i —> ... with 
differential d — Similarly, a cosimplicial abelian group gives rise to a 

cohomological complex. 

If C = C : ■ ■ ■ — > C n A C n+1 — > ... is a cohomological complex we also 
consider it as a homological complex by reindexing C n :— C~~ n . 

Now assume given a category ^ and a presheaf Fon^ with values in cohomo- 
logical complexes, e.g. one of our functorial complexes above. If Y, is a simplicial 
object in 'rf, we get the cosimplicial cohomological complex [p] F(Y p ) and define 
F(Y,) to be its associated total complex: F(Y,) n = ® p+q=n F q (Y p ) (so we take 
the simplicial degree to be the horizontal coordinate). The differential in bidegree 
(p, q) is given by ELoC" 1 )'^ + (-l) p d F 

If instead Y* is a cosimplicial object in ^ we get a cohomological double complex 
in the left half plane which in bidegree (p, g) is given by F q (Y~ p ). We define F(Y') 
to be its direct sum total complex. So explicitly F(Y*) is given in degree n by 

e p > F"+f(y-p). 

Finally, if F and G are cohomological complexes we define the homological 
complex Hom (F, G) which in degree n is given by J\ Hom(_F p , G p ~ n ) with dif- 
ferential given on Hom(FP,G p -") by / ^ / o d F + (~l) n+1 d G o / (so that cy- 
cles of degree n are morphisms of complexes F —> G[—n] and H n (Hom(F, G)) = 
Hom(F, G[— n])/homotopy.). 

In the following we will mainly work with complexes of K- vector spaces where K 
is a field. Since any object in the category of if-vector spaces is injective, the com- 
plex Hom (F, G) represents i?Hom(F, G) in the derived category and, in particular, 
respects quasi-isomorphisms. 
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Let X = Spec(A) be a smooth, affine i?-scheme and recall the bisimplicial set 
F(A) = B, GL(A) x B GL / A t) E, GL(Al) introduced in Lemma 



2.4 



Lemma 4.5. There are natural maps of bisimplicial sets 

F(A) -> Rom(X,B. GL) x Honi(ixA . >B>G ~ L) Hom(X x A',E.GL) 

->■ Eom{X K ,B. GL K ) x Hom( x K xA' K ,B m G^ K ) Hom(l K x A' K ,E, GlS K ). 

Remark. Strictly speaking, GL is only an ind-variety and by notations like Hom(A, B, GL) 
we always mean the direct limit lim^ Hom(X, B, GL r ). In the argument one may 
restrict to a finite level GL r . 

Proof of the lemma. This follows from the following observation: A r x r-matrix 
with coefficients in A p is given by a morphism of ii-algebras R[%ij, y]/(det(xij)y — 
1) — > A p . By |34( Thm. 1.5] this extends uniquely to a morphism R(xij, yy / (det(Xij)y— 
1) — > AL which corresponds to a morphism of weak formal schemes X x A p — > 
GL r . □ 

In the following, we define the functorial complexes of if- vector spaces RT? ( . ) 
for the simplicial ind-variety B, GL as RT?(B, GL) := i?limjv RT?(B m GLn), where 

R\im of a projective system of complexes • • • — > C n+ \ C n Co may be 

represented by the complex Cone(]l„ C n — — ^"" > "> nn^")[ _ ^ ( c ^- Bl !•!])• The 
cohomology of these complexes is determined easily from the exact sequences 

->■ ]im 1 H i -\RT?(B. GL N )) -> iJ l (i?L ? (B. GL)) 

lim IP (iff? (B. GLat)) -> 0. 

JV 

In fact, for all cohomology theories appearing in this paper the cohomology in 
a fixed degree of B, GL jv becomes stable, hence the lim 1 term vanishes and the 
cohomology of RY-r{B. GL) is the expected projective limit. 

U ■■■ ^ C ^ C ^ ■■■ ^ C is a constant projective system the composition 
Cone(n„ C — > Jin 1] Y\ n C Pr ° J °> C is a quasi-isomorphism. Hence, a mor- 
phism X B p GL induces the pullback RT-?(B p GL) = i? lim RT->(B p GL N ) -A 
i? lim iZT?(X) A- i?L ? (A). 

Lemma 4.6. There is a natural map of complexes 

TotZ (uom(X K ,B. GL K ) x Hom( ^ xA ^ B> ^ } Rom(X K x A^.GL^.) 
A Hom^Cone(F n i?r dR (S. GL K /if) ->■ i?L dR (£;. GL^ /if)), 

Cone(F n i?r dR (X K /if) -> i?r dR (X A - x A^/if)) 

Proof. A (p, g)-bisimplex in the bisimplicial set Hom(. . . ) x Hom(. . . ) on the left 
hand side is a pair (/, g) where / : X K — > B p GL K is a morphism of if -schemes, 
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g : Xk x A q K — > £7 p GL^ a morphism of if -dagger spaces, and the diagram 
X K x A q K > £ p GL^ 

** -X'k ** Bp GL K 

commutes. The functoriality of the de Rham complexes ensures that this induces 
for every k a map 

Cone(F n RT dR (B. GL K /K) -+ RT dR (E. GV K /K)) k 
Conc(F n RT dR (B p GL K /K) -> i?r dR (S p GL^ /X)) fc - p 
^>Cone(F"i?r dR (XK/i^) -+ i?r dR (X K x A*./*))* -1 ' 

^Conc(F"i?r dR (x K /K) ->• i?r dR (x K x a^/jo)* - " -9 , 

hence an element of total degree p + <? in the Horn -complex of the right hand side 
which we simply denote by (f,g)*- In order to get a morphism of complexes we 
have to introduce a sign and set 

(4.7) *((/,»)) :=(-l) a(a - 1)/2 (/,ff)*- 

We check the compatibility with the differentials. So start with (/, g) as above. 
The total differential is d(f,g) = d h (f,g) + (—l) p d v (f,g) where the horizontal 
and vertical differentials are given by d h (f,g) — X)f=o( — ° /, ft o g) and 
d v (f,g) = Ej=o( _1 ) 5 (/'.9° d- 7 )' respectively. Hence 

(4.8) $(d(/, <?)) =(-l)^(«- 1 )/ 2 ^(-l) 4 (ft o /, d t o ,g)* + 

i 

(-l)P(-l)(9-l)(fl-2)/2^(_l)J(/ )50 y')* 

j 

To simplify notation, abbreviate the two cone complexes appearing inside the 
Horn by C(B, GL) and C(X x A*), respectively. Note that these are itself the total 
complexes associated with a double complex. Now for any k the component of the 
total differential $^(${{f,g))) on C(B. GL) k is given by (-l)^" 1 )/ 2 times the 
sum of 

(4.9) C(B. GL) fe D C(B P _! GL) fc - p+1 C(B p GL) k - p gilz^Azll!^ 

C(B p GL) fe - p+1 C(X x A 9 ') fe ~ p+1 c C(X x A') k - p - q+1 

and 

(4.10) C(B. GL) fe D C(B P GL) fc - p (- 1 ) P+9+1 (/.9) , ) c ^ x x A <j)fc- P 

J — — — — ^> C(IxA'- 1 f- !, ffiC(IxAf- !,+1 c C(IxAt^ ,+1 

where d" denotes the vertical differential in the complexes C(?). Since (f,g)* is a 
morphism of complexes C(B p GL) — > C(X x A 9 ) we have 

(f,9)* o ((-i) p <n + (-i) 9 ^ o ((-I)^ +1 (/,.g)*) = 
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SO that (_l)9(9-l)/2 timeg the sum of (j^gj and ( |4 1Q [ ) is 



{-1)^-W{f,g)* o + (-lJ'Hl^-l^^Q-l^^Jo (f, 9 y 

i 3 

which equals dO) since + g + 1 = ( ^ 1)(<? ~ 2) (mod 2). □ 



The next lemma we need is: 

Lemma 4.11. The natural map RTaii(Xk/K) — > KT^^Xk x A* k /K) * s a Q uas 'i- 
isomorphism. 

The same is true for any functorial complex with homotopy invariant cohomology 
in the appropriate sense. 

Proof. By construction i?r dR (A/<- X A* K /K) 1S * ne direct sum total complex of a 
double complex in the second quadrant. The filtration by columns gives a convergent 
spectral sequence in the second quadrant (cf. [13 5.6.1] for the dual homological 
case) 

E i q = H q dR (X K x A-//K) HV+i{RT dK {X K x L' K /K)). 

The differential d\ is induced from the cosimplicial structure of A^-. The homotopy 
invariance of de Rham cohomology of dagger spaces [2TJ Proposition 5.8] implies 
that d\ ,q is the identity if p is even and zero if p is odd. Hence E°' q = H q R (X K /K), 
E% q = if p < 0. It follows that the edge morphism E°' q = H q R (X K /K) -> 
H q (KTdR(XK x A* K /K) is an isomorphism. □ 

4.12. Recall the Eilenberg-Zilber Theorem (see e.g. [33 8.5.4]): If A, m is a bisimpli- 
cial object in an abelian category there are natural isomorphisms 7r*(diag A # .) = 
if* (diag A„) = if* (Tot A mm ) induced by the Alexander- Whitney map AW : diag A„ 
Tot A... 

We have now achieved the following: For any smooth, affine i?-scheme U = 
Spec(A) we have natural maps 

(4.13) diagjF(yl) ^> ZdiagJ?(v4) ^ Zdi&g F{A) Tot ZF(A) Lcmma B^ 
Tot Z (ttom(U K , B. GL K ) ^ om( u KX A' K ,B. gl},) ^om(U K x A^ , E. GL^)) 
^1 Hom( Cone(F n i?r dR ( J B. GL K /K) -> fir dR (£J. G±4 /if)), 



Lemma [ 



Cone(F n i?r dR ([/ K /^) -> i?r dR (lV x A' K /K)) 4 



A' . 

Lcmma l4.11l 



Horn ( Cone(F n RT An (B. GL K /K) -> ffT dR (.E. GL f K /if)), ffT rel (£/, n) 
which we abbreviate symbolically by 

(4.14) diagJ^(A) -> A Horn (Conef . . . ), RT rK t (U, n)) . 

Remark 4.15. This is already enough to construct the relative Chern character for 
affine schemes. One could then use Jouanolou's trick to extend this construction 
to non-affine schemes. However, we use a more intrinsic but also more technical 
approach following Huber |26) and originally Bcilinson [3]. 
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4.16. Let U, be a simplicial smooth, affine i?-scheme. Then diag J^"(£/,) is a cosim- 
plicial simplicial set and Zdiagj^(£/.) is a cosimplicial simplicial abelian group. 
The Hurewicz maps induce a morphism of simplicial sets holimA diag ^(U m ) — ¥ 
holimA Z diag J? (£/.). 

Let A — A\ be any cosimplicial simplicial abelian group. Since a cosimplicial 
simplicial abelian group is always fibrant as a cosimplicial simplicial set the nat- 
ural map Tot A — » holimA A is a weak equivalence, where here Tot is Bousfield 
and Kan's total space of a cosimplicial space [TUl Ch. X, 3.2, 4.10; Ch. XI, 4.4]. 
We can associate a homological double complex in the fourth quadrant to A in 
different ways: We write C** A for the double complex with C p - q A = A^ where the 
horizontal differential is given by the alternating sum of the simplicial boundary 
maps, the vertical differential by the alternating sum of the coboundary maps. On 
the other hand we also have the double normalization N**A given explicitely by 
N p ^ q A = A| n f|Li ker (<9*) H n*=o k er(V )■ This is a direct summand of C^A (cf. 
gli Lemma 8.3.7]). 

Denote by Tot^ jV M A the direct product total complex given in degree n by 
Ilp>o N Pl n- p A and let r>o be the canonical truncation functor so that r>o TotH N^^A 

Tot^ N**A induces an isomorphism in homology in non negative degrees. Denoting 
by C* Tot A the complex associated with the simplicial abelian group Tot A, there 
exists a natural quasiisomorphism 

C* Tot A ^ t> Tot n N**A 

PQ Lemma 3.2] 



Thus, for a simplicial smooth, afhne i?-scheme U, (4.14) induces morphisms 



(4.17) holimdiag^"(Z7.) -> hohmZdiag ^(t/.) Tot Z diag &(U.) ->■ 

Tot n ZdiagJ*"(C/.) Tot n Horn (Cone(. . . ), RT iel (U„ n)) . 

Lemma 4.18. Let X be a smooth, separated R-scheme of finite type and U, — > 
X an affine open covering, viewed as simplicial affine scheme. Then the natural 
augmentation 

RT Icl {X, n) -> RT Iel {U.,n) 

is a quasi-isomorphism. 

Proof. Since RT Te i(X,n) = Cone(F n RT dR (X K /K) RT AK {X K /K)) the lemma 
follows if we show the assertion for both components of the cone. 

Denote the augmentation U, — > X by a. By [TBI Theorem 7.2] the induced 
maps ax '■ U,,k — > Xk and o,k '■ U*.k — > Xk are of cohomological descent. Since 
a* K £l*£ . R — fl*y . R and RT^f? / K) is a functorial complex computing the hy- 

percohomology of the complex £ly K it follows that RT^YiiXK / K ) — > RT,±k{U,.k / K) 
is a quasi-isomorphism. 

For F n RT an(X k / K) we use an indirect argument: Again by cohomological de- 
scent, we have isomorphisms of Gal(K/K ^representations H^ t (X^-, Q p ) ^> H'i t (U t ^, Q p ) 

which by Faltings' comparison theorem gives isomorphisms F ti H^ r {Xk/K) — > 
F n Hdii(U*,K / K). But this last map is induced by the morphisms of complexes 



^The perhaps a little bit artificial seeming truncation would be unnecessary if we worked with 
spectra instead of simplicial sets (cf. 1421 5.32]). 
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F u ET^{Xk/K) — > F 1 x ET$R.(U, t K/K) which hence is a quasi-isomorphism, too. 

□ 

4.19. There is an isomorphisms of complexes Tot^ Hom (Cone(. . . ), RT TS \(U,,n)) = 



Hom(Cone(. . . ), Tot i?r rG i(LV,, n)). Similar as in Lemma 4.6 there are some signs 



involved. But since we do not need them, we omit the details. 



Composing now (4.171 with this quasi-isomorphism and with 

Hom(Cone(. . . ), Tot -Rr re i(Z7., n)) ^ Hom (Cone(. . . ), RT Icl (X,n)) 
we finally get natural morphisms 

(4.20) hohmdiag J?(£7.) Hom(Cone(. . . ), RT Iel (X, n)). 

Taking TTj and then the direct limit over all affine open coverings of X this induces 
natural morphisms 

(4.21) K I i e \X)^-Rom(H 2n - 1 (Cone(...)),H^~ i ~ 1 {X,n)) 
Lemma 4.22. The natural map 

H 2 ' 1 - 1 (Cone{F n RT dn (B. GL K /K) RT dR (E. GV K /K)) 

H 2n (F n RT dR (B. GL K /K)) = F n H 2 £(B. GL K / K) 

is an isomorphism. 

Proof. This follows from the long exact sequence for the cohomology of a cone 
together with the fact that E, G\J K = cosko(GL^- / Sp(if)) is a contractible sim- 
plicial dagger space, hence has no cohomology in positive degrees (cf. [401 Lemma 
2.11]). □ 



Definition 4.23. According to Lemma 4.22| there exists a unique class 



c rci e R 2n-i (cone(F"i?r dR (B. Gh K /K) -> RT dR (E. GL^ /K)) 



which is mapped to the universal n-th de Rham Chern class c^ R in F n H 2 ^ (B, GLk /K). 
We set 

ch rcl rel 

n ■ (n-l)I " ' 

Remark. We let chf t R = ^-jrTj C " R ' Hence ch^ 1 is mapped to ch^ R . This is not the 
degree 2n part of the usual Chern character. They rather differ by a sum of de- 
composable classes. But since the Hurewicz maps higher K-groups to the primitive 
part of homology and any decomposable class induces the zero map on primitive 
elements both induce the same map on higher K-groups (see e.g. [351 P- 23]). 

Definition 4.24. Let X be a smooth, separated i?-scheme of finite type. The 
relative Chern character 

cKy-Kf{X)^H 2 :r-\X,n) 
is defined as the composition of ( |4.21 1 with the evaluation at ch„ . 
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Rem ark 4.25. Assume that X is smooth and proper over R. Then X K = X ] K (cf. 
L2| and by GAGA [21, Korollar 4.5] RT dK (X ] K /K) ~ fir dR (JC K /-^). Hence in this 



case RT Ie i(X,n) ~ Ccme(F n RT dR (X K /K ) -> i?r dR (A K /A:)) and by the degener- 
ation of the Hodge-de Rham spectral sequence [17] the relative Chern character is 
a homomorphism 

ch£: Kf(X) -> H^- l (X K /K)/F n H&- i - 1 (X K /K). 

5. Comparison with the rigid syntomic regulator 

The main technical problem in the construction of the rigid syntomic regulator is 
the construction of functorial complexes computing rigid and rigid syntomic coho- 
mology. This was solved by Besser [7] . An alternative construction of the regulator 
using cycle classes and higher Chow groups instead of K-theory is given in |12j . 
We recall Besser's construction with some improvements from [12] . As in [27] the 
systematic use of dagger spaces simplifies the construction a little bit. 

Let R be as before and assume moreover that the residue field k of R is perfect. 

5.1. Rigid cohomology. We consider the category of separated schemes of finite 
type over k which admit a closed immersion in a flat weakly formal i?-scheme *3f 
with smooth special fibre This category contains all quasiprojective fc-schemes 
[X is a locally closed subscheme of some PJJ , hence also of the weakly formal scheme 
Pjj, therefore a closed subscheme of an open subscheme of the latter). If Xk is the 
special fibre of a smooth i?-scheme X of finite type, we can take the canonical closed 
immersion of X^ in the weak completion X of X. 

Let A" be a fc-scheme and choose an embedding X ^ <ty as above. The rigid 
cohomology of X with coefficients in K is by definition the de Rham cohomology 



of the tube ]X[&:= sp^pO C W K (cf.[L2|| of X in W\ 

h;. ie (x/k) = H* dK (]xy/K) 

(cf. [BJ, [3T] Proposition 8.1]). Up to isomorphism this is independent of the choice 

Following Besser we define 

RT lie (X/K)& := RT dR (]Xy/K). 

This complex is functorial only in the pair (X, W). To obtain complexes functorial 
in the fc-scheme X we proceed as in [7] §4]. Define the category of rigid pairs 
TZV: Objects are pairs (X,j : X W) where X and j are as above. We will 
often abbreviate such a pair as (X, <3f ). Morphisms (X' , ^') — > [X, are pairs of 
morphisms (/: X' — > X,F: ]X'[yi^>]X[<&-) such that the diagram 



}x>y,-^]x 



sp 



<3f 



sp 



/ 1 

x' — — >■ X 

commutes. The category TZV substitutes Besser's category TZT of rigid triples. Note 
that there is a natural functor {smooth, separated i?-schemes of finite type} — )• TZV 
taking X to the pair (Xk, X). 

With this replacement Besser's construction goes through word by word and 
yields the following 
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Proposition 5.1 (;?, Prop. 4.9, Cor. 4.22]). 

(i) There exists a functor from the category of schemes X over k as above to 
the category Comply of complexes of K -vector spaces 

X h-> RT lig (X/K) 

such that H*(RT rig (X/K)) = H* ig (X/K) functorially. If K = K = 
Fracl4 7 (fc) and a is the Frobenius onK , there exists a natural a -semilinear 
Frobenius-endomorphism (f> on RT ^- lg {X / Kq) . 

(ii) There exists a functor 1ZV —¥ Complx, (X,&) t— > RT T - lg {X/ K)^ together 
with 1ZV -functorial quasi-isomorphisms 

RT dR QXy/K) = RT rig (X/K)& ^ KT lig (X/K)& A RT lig (X/K). 

5.2. Rigid syntomic cohomology. 

5.2. First of all, recall the quasi-pullback of a diagram of complexes A -A C <r- B. 

By definition it is the complex Ax c B := Cone(A © B ^—^> C)[— 1]. It fits in a 
diagram 

Ax c B^-^B 

9 

* / 

A — >C 

which is commutative up to canonical homotopy. If / is a quasi-isomorphism, so is 
/■ 

5.3. Let X be a smooth, separated i?-scheme of finite type. Then Xk Q X k 
and we have natural maps of complexes, functorial in X, 

F n RT dR (X K /K) RT dK (]X k [^/K) A RT lig (X k / K) % ^ RT lig (X k /K). 

Define F n RT dR (X/ K) to be the quasi-pullback of the left two arrows above, a 
complex quasi-isomorphic to F n RT dR (X k / K) which admits natural maps 

F n RT dR {X/K) -> RT ris (X k /K)x ^ RT rig {X k /K). 

On RT r i g (X k / K ) we have the Frobenius 4> and we can consider the natural maps 

(5.4) Cone ^1 - \RT rig (X k / K Q )^j [-1] -»■ RT lig (X k /K Q ) ->■ RT lig (X k /K). 



We define the intermediate complex §(n)(X k ) := Cone((5.4|). This complex is 
functorial in the fc-scheme X k and there are natural maps 

(5.5) F n RT dR {X/K) -> RT rig (X k /K) k -> i?r rig (X fc /^) -> $(n)(X fc ). 

Definition 5.6. We define the syntomic complex of X twisted by n 



RT syn (X,n) := Cone(F n RT dR (X/ K) -£2> $(n)(X fe ))[-l]. 

Its cohomology groups will be denoted by H* yn (X, n) . These groups are in fact 
Q„- vector spaces. 
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Remark 5.7. Writing down the iterated cone construction explicitly one sees that 
^r syn (X, n) is isomorphic to the complex 

Cone ^RT lig (X k /K ) © F n RT dR {X/K ) -> KT lig (X k /K Q ) © i?r rig (X fe /X)) [-1] 

where the map is given by (x,y) > ((1 — ^)x, x — y). From this one sees that the 
fundamental Proposition 6.3 of [7] also holds for our definition of rigid syntomic 
cohomology (cf. the proof of that proposition). Hence all further constructions of 
loc. cit. work equally well in our setting. In particular, there are natural maps 

(5.8) H* syn (X, n) -> F n H* dR (X K /K). 

In fact, it is possible to construct a natural chain of quasi-isomorphisms connect- 
ing our version of the rigid syntomic complex with Besser's. But since we do not 
need this we omit the lengthy and technical details. 

5.9. We recall the construction of the rigid syntomic regulator. By [7J Proposition 
7.4] and the discussion following it there exists a class c^ yn € H^ yn (B, GL R ,n), the 
universal n-th syntomic Chern class, which is uniquely determined by the fact that 
it is mapped to the universal n-th de Rham Chern class in F n H%?;(B, GLr /K) 
under (5.8). We set 

„1 syn ._ V syn 

" ■ (n-1)! " ' 



Now let U = Spec(A) be a smooth, affine i?-scheme. Similarly as in (4.14) we have 
natural maps 

(5.10) Z^B. GL(A) ^> ZZ^B. GL(A) <^ ZB. GL(A) Z Hom(X, B. GL R ) 

-> Horn (RT syn (B. GL R , n), RT syn (U, n)) . 

If X is any smooth, separated i?-scheme and U, — > X an open, affine covering, 
viewed as simplicial scheme, this gives natural maps 

hohmZooS. GL(U.) -M=- Horn (RT syn (B. GL R , n), RT syn (X, n)) . 



As in (4.21), taking 71^ and the direct limit over all affine coverings this induces 
a map K%{X) — » Horn {H^ yn (B, GL R ,n),H^y I ^ ,, (X > n)) which composed with the 
evaluation at ch^ yn gives the syntomic regulator 

5.3. The comparison. 

Lemma 5.11. There is a natural map 

H: c -\X,n)^H; yn (X,n). 
It is an isomorphism if X is proper and * ^ {2n, In + l,2n+ 2}. 
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Proof. Consider the following diagram of complexes 

F n RT dR (X K /K) RT m {X K /K) 



(5.12) 



F n RT dR (X/K) ^RT rig (X k /K)^ 



F n RT dK (X/K) 



Hn)(X k ) 



The upper square commutes up to canonical homotopy (cf. 5.2 1, the lower square 
strictly commutes. This induces morphisms between the respective cones of the 
horizontal maps, the one pointing in the wrong direction being a quasi-isomorphism. 

The second statement follows from weight considerations as in the proof of [7J 
Proposition 8.6]. □ 



We can now formulate the main result of this paper: 

Theorem 5.13. Let X be a smooth, separated R-scheme of finite type. Then the 
diagram 



KT\X) 

ch" 



rcl 



-+Ki(X) 

Y 

H!?~ l (X,n) 



commutes. 



Proof. To simplify notation we will, if there is no risk of confusion, use the following 
abbreviation for the cohomology of a cone of a morphism of complexes A — > B: 



H*(A B) := H*(Cone{A -> B)). 



The first step is to reduce to the case of an affine scheme. This simplifies the 
rest of the proof a lot. To do this we use Jouanolou's trick O Proposition 4.4]: 
Since X is regular, separated, noetherian there exists an affine vector bundle torsor 
W A X. Assuming the Theorem for W we can deduce it for X using naturality 
of all maps involved provided H* yn (X,n) — > H* yn (W 7 n) is an isomorphism. But 
this is indeed the case: There exists a finite covering X — [J aeA U a such that 
P _1 (fa) — > U a is isomorphic to some trivial vector bundle Ajj — > U a . Let U, — > X 
be the simplicial scheme associated with this covering and denote by p _1 (C/ # ) — s- W 
its base change to W. By [7J Proposition 6.2] RT syn (X, n) — > Rr syn (U,, n) and 
RT syn (W, n) — > RF syn (p' 1 (U m ),n) are quasi-isomorphisms. 

On the other hand homotopy invariance of syntomic cohomology |12[ Lemma 
1.11] implies that RT syn (U m , n) RT syn {p~ l {U,),n) is a quasi-isomorphism, whence 
RF syn (X,n) — > RF syn (W, n) is one, too. 
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So now assume that X = Spec(A) is affine. Then we have the following simplified 
description of the relative Chern character: Applying ^ to (4.14) gives a map 



HomjV"- 1 (F n Rr dR (B. GL K / K) -► RT dK (E. GL f K / K)\ ,H; 



jln—i— 1 
rcl 



(X,n) 



whose composition with the evaluation at ch™ is the relative Chern character ch" 



rcl 



Similarly, applying 7Tj to (5.10) and composing with the evaluation at ch^ yn gives 
the syntomic regulator ch^f~l^(A) -> H^-^X, n). 



Recall from (5.12) that the map from relative to syntomic cohomology is given 



by the composition 

H^iX.n) ^ H*- 1 (F n RT dn (X/K) -> RT lig (X k /K)^) -> H* syn (X,n). 

We will prove the theorem by constructing the dotted arrows in the following dia- 
gram and show that every single piece of the diagram commutes: 
(5.14) 

KT\X) ^ Ki{X) 



AT: 



Hi 



l (X,n)- 



H 2 n -i-l(_F n RT dR (X/K)^ \ 

\ar lis (x k xA- k ) XxA .) 



gln-i-1 ( F"RT dR (X/K)- 



TfSn-i-1 (F n Rr dR (X/K) 
n \ $(n)(X fc xA?; 



flr rig (x fc /x), 




- rcl 



We begin with the boxed left hand side of the diagram. The dotted arrow ch n i is 



obtained as follows (cf. (4.13)): We have the chain of natural maps 
(5.15) diagJ?(A) ^> ZdiagJ^(A) «=■ ZdiagF(A) Tot ZF(A) - 
TotZ (uom(X,B. GL) x Hom( ^ xA . fl#dL) Bam(X x A'^.GL) 



(*), 



Here the arrow (*) is defined a s in Lemma 4.6 using the functoriality of the com 



Hom f Cone(F n RT dR (B. GL /K) -> RT lig {E, GL k /K) E ^ h ), 

Cone(F n RT dn (X/K) -> RT lis (X k x A' k /K) j(xA . 



plexes F n RT dR and i?r rig from 5.3 Applying Wi to (|5.15|) gives 
(5.16) 



Kl e \X) ->■ Horn 



H 2n -\F n RT m {B. GL / K) -> RT rig (E. GL k /K)) Emdh 



H^-*-i(F™RT dR (X/K) -> RT Tis (X k x A' k /K) AxA . 
Exactly as in Lemma 4.22| there is a natural isomorphism 

H 2n-1 ( F »_Rf dR ( B . GL /K) -> i?f rig (£. GL fc /^) £ .gl) 



H 2n (F n RT dR {B. GL /X)) = F n H dR (B, GL K /K) 
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- rel 



and we define ch n in the first group to be the unique preimage of ch^ R . Then ch 

rcl 



rel 

nA 



is the composition of (5.161 with the evaluation at ch n 

Using that by construction the relative Chern character ch™^ factors through 

H 2 ^- 1 (F n RT dK (X K /K) -> RT dR (X K x k' K /K)\ and the commutativity of the 
diagram 



H 



\Rr dR (X K xA' K /Ky 



jrln-i-X ( J' n Rr dR (X/K)^ 
W ng (X t xAJ) ixA . 
A 



H, 



2ra-i-l 
rcl 



(X,n) 



H 



V RT tls (X k /K) x 



it is easy to establish the commutativity of the left hand side of the diagram. 

— syn 

Next we come to the description of ch„ i . First of all we have the natural maps 



(5.17) 



ZooB. GL(A) ZZooB. GL(A) ^ ZB, GL{A). 



To make the connection with the relative Chern character we now have to view 
B. GL(A) as the diagonal of the bisimplicial set [p], [q] H> B p GL(A) which is con- 
stant in vertical direction. Then again we have the Alexander Whitney map 



(5.18) 



AW : ZB. GL(A) = Z diag B. GL(A) A- Tot ZB. GL(A). 



A (p, g)-simplex in B. GL(A), i.e. a morphism f;X—> B p GL, induces morphisms 
of complexes 



F n RT dR (B p Gh/K) 



F n RT dR (X/K) 



F n RT dR (X/K) 



$(n)(£ p GL fc ) 



$(n)(X k ) 



(proj-)* 



$(n)(X fc x A«), 



hence 



RT syn (B p GL,n) Cone (^F n RT dR (X/K) ->■ $(n)(A fe x A')) [-1] 
As in Lemma HH] this induces 



(5.19) Tot ZB. GL(A) -» 

Horn (^RT syn (B. GL, n), Cone (F n RT dR (X/K) -> <f>(n)(X k x A£)) [-1 

Applying iXi to the composition of (5.17), (5.18), and ( 5.19| ) gives 

(5.20) Ki(X)-> 

Horn (H*"(B. GL,n),i/ 2 "- l - 1 (Cone( J F"M 1 dR (A/X) -> $(n)(X fc x A*))) 



and ch n i is the composition of (15.201) with the evaluation at ch^ yn . 
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To establish the commutativity of the right boxed part of diagram (5.14) consider 
the following diagram: 



Horn | 



ZdiagB. GL(A) 

AW 

Tot ZB, GL(A) 



RT aya (B. GL,, 




Cone(F™ RT dK (X/K )->*(n) (X h X Af )) [-1] 



-J 



ZB. GL(A) 



Hom(flr syn (B. GL, n), #r syn (X, n)) 



It is easy to check that the square commutes, whereas the triangle commutes on 
homology by Lemma |5.21| below. With this the commutativity of the right part of 

\ V svn — s y n 

(5.141 follows directly from the constructions of ch^ and ch n i , respectively. 



So we are now reduced to show the commutativity of the top square in (5.141 



To do this, we have to look at this part in more detail. Consider the big diagram 
on page [23] and assume for a moment that we already established its commutativ- 
ity (up to homotopy). Taking homotopy (resp. homology) groups and identifying 
H*(Cone(F n RT dR {X/K) §(n)(X k x A*))) = if s * y + x ( X, n) this then gives a 
commutative diagram 



MX) 
A 



Horn 



(H 2n - 1 (F n Rr dR (B. GL / K) 



Horn 



>*(n)(B. GLjO), 



,H 2 "- 1 (F"Rr dR (S. GL/if)^-#(n)(E. GL fe )), 



'(X,n) 



K rel( X ) Hom (^"^"^(^ GL/K)^RT Ilg (E. GL fc /if) E#dt )A 

and, by construction, the composition of the upper horizontal map with the eval- 
uation at ch^ yn is ch„ 4 and the composition of the lower horzontal map with the 

— rel _ — rel 

evaluation at ch„ is ch ni . So to deduce the assertion of the Theorem we have 
to prove that ch^ yn e H 2n ~\F n JtT dR {B. GL / K) GL fc )) and chf € 

H 2n - 1 (F n RT dK {B. GL/K) RT lig {E. GL k /K) E ^ L ) are mapped to the same 
element in H 2n - 1 (F n BT dR (B. GL /K ) -» ${n){E. GL k )). Bvrtthis is indeed the 
case since all three groups are naturally isomorphic to H 2n (F n RT dR (B m GL /K)) = 
F n H 2 ^(B m GLk /K) and by definition ch„ and ch^ yn both map to the same class 



in F n H 2 ^(B. GL K / K) namely to ch£ R . 

It remains to show the commutativity of the diagram on page [23] The horizontal 
maps in the first five rows are all induced by the projections ^{A) Z^B, GL{A) 
and F(A) — > B m GL(A), respectively, and the commutativity of this part follows 
from the naturality of the constructions involved. 
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For the lower left part we start with a (p, g)-simplex (/, g) in Hom(A, B t GL) x Hom ^ xZ ^. B 
Hom(A x A*,-E.GL). That is, / is a morphism A — > B p GL and g is a morphism 
X x A q — >• E p GL such that the diagram 



X x A q 



y 

X 



EpG\j 



B P GL 



commutes. Let gk ■ Xk x A^ —¥ E p GL& be the map induced by g on special fibres. 
Then (gk,g) is a morphism of rigid pairs (Xk x A?, A x A q ) — > (E p GL^, E p GL). 

The image of (/, g) in the respective Horn -complexes is (up to sign) given by the 
pullback maps induced by /, g, and gk-, on the various cones. Now the pullback on 
the first component of the cone is in all cases given by /* : F n RT <\y\,{B p GL /K) — > 
F n RT ^(X / K) . Hence we can restrict our attention to the second component of 
the cones. Then the commutativity will follow if the diagram 



RT lig (E p GL fc / K) £jjG - L 

(9fc.9)* 



$(n)(E p GL k ) 



RT Yig (X k x Al/K)^ > <S>(n)(X k x A«) 

commutes. But this is indeed the case as follows from the functorial properties of 



the complexes (cf. Proposition 5.1 (ii) and (5.5)) 



Similarly one sees that the lower right square of the diagram on page 23 
mutes. This concludes the proof of the Theorem. 



com- 
□ 



Lemma 5.21. Let A. be a simplicial abelian group and consider it as a bisimplicial 
abelian group A tt that is constant in vertical direction. Hence we have an associated 
complex and double complex, also denoted simply by A, and A„ , respectively. Then 

the Alexander- Whitney map A, = diagA,, AW "> Tot (.A..) and the inclusion of A m 
in the zeroth row of the double complex induce the same isomorphism in homology. 

Proof. Since all vertical face operators of A tt are given by the identity, the vertical 
differentials d p : A p i —> A Pi q are zero for all p. Hence the projection on the zeroth 
row is a morphism of complexes Tot A„ — > A, which is left inverse to the inclusion. 
Using the explicit description of AW in [151 8.5.4] one sees that this projection is 
also a left inverse of the Alexander- Whitney map, which is known to induce an 
isomorphism on homology [451 8.5.1]. □ 

5.4. Applications. In this whole section we assume that the residue field k of R 
is finite. 

Let A be a smooth and proper i?-scheme. Then the etale Chern character 
class induces a map ch^: Ki(X) — > iJ?" _l (A^ , Q p (n)). It follows from the crys- 
talline Weil conjectures [T3| and Faltings' crystalline comparison theorem [TS] that 
H&t ~ % (Xj(, Qp(n)) GK — for i > 0, where K denotes an algebraic closure of K 
and Gk = Gal(A/A). Hence the Hochschild-Serre spectral sequence for A^ — > 
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X K induces an edge morphism H^~ l {X K , Q p (n)) = F 1 H^~ l (X K , Q P («)) 

r2n— i— 1 / v 



H 1 (G K ,H^- i - 1 (X w ,Q p (n))) and the composition 



(5.22) r p : K t (X) fl^'^.Q^n)) ^> ^(^.^"'"H^QpH)) 

is the e£aZe p-adic regulator. 

According to the de Rham comparison theorem |18j we have an isomorphism of 
filtered vector spaces 

AiR^-^P^QpW)) - Hll-' l -\X K /K){n) 

where the twist by n on the right hand side only shifts the filtration. Hence 

DmiHfr'-HX-K'QpW))/** = H 2 ^- l {X K /K)/F n Si H^-^n) 



(see Remark 4.25). In particular, the Bloch-Kato exponential for the Gif-represen- 
tation H$f*~ 1 (X^, Q p (ra)) is a map 

exp: H^-'-^XK/KyF" -+ H 1 (G K , H^*** 1 (X w , Q p (n))) 

and from Niziol's work we get the 

Corollary 5.23. Let I fea smooth, projective R-scheme. Then the diagram 
Kf{X) - Ki(X) 

commutes. 

Proof. It follows from Niziol's work [35 , 36 and the comparison with Besser's syn- 
tomic cohomology [Jj Proposition 9.9] that there is a natural map H* yn (X, n) — > 
H? t (X k , Q P (n)) which is compatible with Chern classes (loc. cit. Corollary 9.10). 
Moreover by loc. cit. Proposition 9.11 the composition H%£~ % ~ 1 (Xg;/K)/F n -t 
H^-'iX, n) -)■ H^(X K ,Q P (n)) -)■ H^Gk, H^- l -\X Wl Q p (n))) is the Bloch- 
Kato exponential for H-"~ (Xj^, Q p (n)). Hence the claim follows from the com- 
parison of the relative Chern character with the syntomic regulator in Theorem 
I5~13l □ 



Remark 5.24. The argument in the proof of Lemma 2.6 shows that Kl op (X) is 
isomorphic to the algebraic K- group of the reduction Ki(Xk). For X smooth and 
projective these groups are conjectured to be torsion (Parshin's conjecture). This 
would imply that Kj (X) —} Ki(X) is rationally in isomorphism. It follows from 
[25] and [37] that this conjecture is true for dimX < 1. 

From the previous corollary together with our earlier work [35] HD] , we also get 
a new proof of the main result of [27]: Huber and Kings introduce the p-adic Borel 
regulator rBo.p ■ K2n—i{R) K by imitating the construction of the classical Borel 
regulator for the field of complex numbers, replacing the van Est isomorphism by 
the Lazard isomorphism. 
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Corollary 5.25 (Huber-Kings [27]). Let K be a finite extension of Q p . The dia- 
gram 

K 2n -i(R) 

<-i)™ ^^\J Fp 

K = D dR (Q p (n)) H l {G K , Q p W) 

commutes. 

Remark. The factor feiriyi appears since Huber and Kings use Chern classes in the 
normalization of both, the etale and the p-adic Borel regulator, whereas we used 
Chern character classes in the definition of the etale regulator. 

Proof. Apply the previous corollary with X = Spec(i?), i = 2n — 1. By Calvo's 
Theorem [TT] K^ p (R) = Ki(k). Since k is a finite field, its K-groups in positive 
degrees are finite by Quillen's computations|37j . Hence K^_i(R) — > K2n-i{R) is 
rationally an isomorphism. In Theorem |6 . 1 5 1 we will show that the present version 
of the relative Chern character coincides with Karoubi's original construction. For 
this we showed in [UJJ Corollary 7.23] that the diagram 



^-i(K) ^K 2n _ x {R) 



commutes. 




6. Comparison with Karoubi's original construction 

In this section we compare our version of the relative Chern character with 
Karoubi's original construction 30, 31 in the form of [40 . For any smooth, affine 
i?-scheme X — Spec(A) this is a homomorphism 

ch^ r : Kf(x) -> H an -*- 1 (# JC ,n< n , j = i/ 2 "- l - 1 (r> <n (x K )). 

We recall the main steps in its construction. 

6.1. Let Y % be a simplicial dagger space. A simplicial n-form u) on Y, is a collection 
of n-forms w p on fj, x A P K , p > 0, satisfying (1 x cj)\)*u) p = (4>x x onF p x A q K 

for all monotone maps <f>: [q] — > [p], 0a,0x denoting the induced (co) simplicial 
structure maps. We will often denote uj p by lo\ y X ^ P . 

The space of all simplicial n-forms is denoted by D n (Y,). Applying the wedge 
product and exterior differential component-wise makes D*(Y,) a commutative dif- 
ferential graded algebra. 

For a i£f-dagger space X we write 57* (X) for the complex of global sections 
T(X, n* x ^ K ). Define the total complex fT(Y.) as in 4.4 For any X there is a well 



defined integration map f. k : Q. n (X x A^-) —> il n k (X) satisfying the usual prop- 
erties 10 Remark 5.9] and by Dupont's Theorem (cf. 10. Theorem 5.6]) 



(6.2) I: D*(Y.) ->n*(y.), w^V / 

fe J* 

is a quasi-isomorphism. 
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Moreover, there is a natural nitration on D*(Y,) [401 Remark 5.2(ii)] and I is 
a filtered quasi-isomorphism when 17* (Y.) is given the filtration by rows, i.e. the 
filtration induced by the naive truncation of 17*. 

6.3. Let X be any smooth, affine i?-scheme with generic fibre Xx- Recall the 
definition of the de Rham complexes F n RT d ji(X k / K) from (3.6 1. Similarly as in 



(3.5), \S.7\ there is a natural map 



(6.4) F n RT dR (X K /K) -+ T(X K , Gd pt( ^ )upt(Xj0 Q%l /K ) 



where the complex on the right computes the hypercohomology of 17^™ , K on Xk- 
Since Xk is affine the sheaves Q 1 Xk i k are acyclic and hence the natural augmen- 
tation 

(6.5) T(X K , ^k/k) t ( x k, Gd P t (xi)upt(x K ) n xl/K) 



is a quasi-isomorphism. Composing (6.4), (6.5), and the natural map T(Xk, 17 



pointing in the wrong direction being a quasiisomorphism) 



> n \ 
X K /K) 



T(X' K , 17-™ ) — > T(Xk, 17^" ) we get a natural chain of morphisms (the arrow 



(6.6) F n RT dR (X K /K) -►A T(X K , nf^ /A ,. 

If Y. is simplicial smooth, affine i?-scheme this together with the quasi-isomorphism 
I (|6.2[) gives a natural chain of morphisms 



(6.7) F n RT dn (Y K> ./K)^ F n D*(Y K ,.) 



We apply (6.7) for B, GL to get a map 

(6.8) F n H 2 A l(B. GL K /K) H 2n (D* (B.GL K )). 
Similarly as in Lemma |4.22| there is an isomorphism 

H 211 - 1 (Cone(F n D*(B.GL K ) -> D*(E.GL K ))) ■=> H 2n {D* (B.GL K )) 

and we define 

(6.9) ch* ar e H 2n - 1 (Cone(F n D*(B.GL K ) -> D*(E.GL K ))^j 

to be the unique element that maps to the image of ch^ R in H 2n (D* (B,GLk )) 
under (6.8). 

Remark. Originally Karoubi used Chern-Weil theory to construct the relevant char- 
acteristic classes. This is the reason for the use of the dga D* (B,GLk )■ One ad- 
vantage is that it gives more explicit formulas for the relative Chern character. For 
instance, these are used for the comparison theorem in [35] and also in the work of 
Choo and Snaith [T3]. However, it was checked in [JDJ Proposition 5.13] that the 
present approach yields the same classes as the Chern-Weil theoretic one. 

6.10. Let X = Spec(A) be a smooth, affine i?-scheme. Karoubi's relative Chern 
character ch^ 1 is the composition of the Hurewicz map Kf A (X) — > i/;(diag .jP(A), Z) 
J ff l (diagF(A), Z) with a map i? 2 (diag F(A), Z) -> H 2 ™-*- 1 (Q <n (X K )) constructed 
as follows (cf. e.g. [33 Remark 3.6(h)]): 
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An i-simplex a in diag F(A) defines a pair of morphisms Xk — > -BjGLjf and 
X K x A K — > £^GL A such that 



K 



proj. 



EiGL K and hence 
p 

V 

BiGL K X K x AV 



SiGL* x AV 




commute (cf. Lemma 4.5). By construction ch n ar is given by a pair of a simplicial 
2n-form on B.QLk and a simplicial 2n — 1-form on E,GLk ■ The second of the 
above diagrams makes it clear that when we restrict both forms to the component 
in simplicial degree i and then pull them back to Xk x A k via a, we get a cycle 
denoted (<x,id A< )* ch^ ar | e . g - LkX a< of degree 2n - 1 in Cone(f^ n (i" K x A K ) -> 

^(ixxAy). 

Integrating along A 1 gives a cochain (in general not a cocycle) of degree 2n — i — 1 
in Cone(fi- n (Xj<-) — > Q*(X K )). One checks that this construction induces a well 
defined homomorphism 
(6.11) 

J3"i(diagF(A),Z) -> i/ 2 "-*- 1 (Cone(Q^ n (X*r) -> = i? 2 "^ -1 ^ 

and by definition Karoubi's relative Chern character is the composition 



.12) 



^f'(^) ^ Hi(diagF(A),Z) 



j6.11[ 



2n— i— 1 /o< n 



(« <n (^))- 



To compare this with our version of the relative Chern character we need the 
following 

Lemma 6.13. Let X be a smooth, affine R-scheme. There is a natural map 



(6.14) H; el (X,n) -> H* [Cone(^ n (X K ) -> = JT^pf*-)) 

Proof. By definition H* cl (X,n) is the cohomology of Cone(F"i?r dR (X A 7i ; i') 



iiTdR(XR- /K)). Since X is affine we have the natural chain of morphisms (6.6) 
F n RT dK {X K /K) Q^ n (X K ) and similarly RT dK {X K /K) £- Q*(X K ). These 

together induce the desired chain of maps 

Cone(F n RT dR (X K /K) -> Er dR (X^/K)) -><^- Cone(fi^"(l K ) -> □ 

Theorem 6.15. Let X be a smooth, affi ne R- scheme. The composition of the 
relative Chern character ch^ of Definition 4-23 with the comparison map (6.14) 
coincides with Karoubi's relative Chern character ch^ ar (6.12). 

Proof. Since X — Spec(A) is supposed to be affine we have the si mplifie d descrip- 
tion of the relative Chern character ch™* as in the proof of Theorem 5.13 We again 
use the simplified notation for the cohomology of a cone. 
It is easy to see that the composition 



.16) Kf{X) H^ x - % -\X, n) 1 11- 



- 1 (^"(1 A )^0*(A > A )J 
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is given as follows: Similarly as in Lemmas |4.5| and |4.6| there are natural maps 
(6.17) m(TotZF(A)) -> Homf H 2n - l {Q^ n (B.GL K ) -> n*(E.GL K )), 
H 



2n—i — l fr\>7i 



(Q-(Xk) -> £l*(X K x A^)) 



Horn [H* n ~ 1 (Cl* i (B m GL 



K) 



Q*(E.GL K )),H 



2n — i— 1 (c\>n 



(n^(x K )^n*(x K )) 



As in Lemma 6.13 (6.6) induces a natural map 



.18) tf 2 "- 1 (F"i?r dR (S. GLx /K) -> i?r dR (S. GL f K 

i? 2 "- 1 ^ n (B.dLjf) -> fT(£.GL K ) 



and (6.16) is the composition of the Hurewicz map, the Alexander- Whitney map, 



(6.17), and the evaluation at the image of ch™ under (6.18). But from the definition 



of ch„ ar (6.9) it is clear that the image of ch^ 01 under (6.18) equals J(ch^ ar ) where 
we still denote by / the isomorphism induced by / (6.2) on the cohomology of the 
respective cones. 

So we have to show that the diagram 
(6.19) 



Hi (Tot ZF{A)) 



AW 



Hi(Zdi&gF(A)) 



Hnm (H 2n -^n^(B.Gh K )^(r(E.Gh K )), 



cval T 



J I(chK»i 

H 2n - i - l (ti^ n {x K ) -> n*(x K x A^)) 



H 



2n—i— 1 / Ci>n 



(^ n (X K )^Q*(X K )) 



commutes. This will be done using explicit inverses of the two horizontal isomor- 
phisms. 



Lemma 6.20. A quasi-inverse of W(Xk) — > &*{Xk X A^-) (cf. Lemma 4-. 11) is 
given by integration over the standard simplexes: 

n k+p (x K x a p k ) -> n k (x K ),io t-> (-i)p(p-!)/ 2 f u 

JAp 

Proof. The integration map is obviously left inverse to the inclusion of fl*(Xx) 
as the zeroth column in the double complex SI*(Xk x A^-). So we only have to 
check that the integration indeed defines a morphism of complexes. This is straight 
forward using the following relative version of Stokes' formula 

p 

[ duj = {-l) p d[ w + ^(-i)* f {d l )*u 

J Ap JAp j_q JAp- 1 

and keeping in mind that the total differential on Q q (XK x A^) is given by to > 



30 



GEORG TAMME 



To show the commutativity of diagram (6.19) we start with a bisimplex a G 
F(A)p^_ p so that the degree of a in TotZi 71 (^4) is i. First we compute its image 
in Cone(Q- n (Xif ) — > fT(Xif)) going counterclockwise. As before, cr is given by a 
commutative diagram 



A K x A l K p > £ P GL^ 



proj. 



X 



K 



The component of I(ch^ al ) in simplicial degree p is given by J AP ch^ ar \ E q LkX ^p ■ 
Its pullback via a gives a 2n — p — 1-cochain in Cone(£l- n (X k) — > n*(-Xjr x A^" p )). 
To get the image of a in Cone(f2-™(Xft- ) — > D,*(Xjc)) we finally have to apply the 
integration of Lemma |6.20| to this pullback and obtain: 



.21 



) / [ ch« ar 

Ja*-" Jap 



IfipGL^xA^ 



(a x idAp)* ch 



Kar 



IB„GL a -xA? 



Note that there is no sign because the signs introduced via (6.17) (cf. (|4.7[)) and 



the integration map of Lemma 6.20 cancel out 



Next we compute the image of cr going through diagram (6.19) clockwise. To do 



this, we use the following description of a quasi-inverse of the Alexander- Whitney 
map (cf. g3 8.5.4]): 

Recall that a (p, i — p) shuffle ii is a permutation of {1,2,..., i} such that /i(l) < 
^(2) < • • • < fi(p) and [i(p +!)<■■■< There are two associated maps in 

the simplicial category A, namely [ii- v : [i] — > [i — p] given explicitly by fii- p — 



■ o s^(p) 1 and [i v : [i] — > \p], fj, p = s 



m(p+i) 



, os mW-i. These 



induce maps H P ,Hi_ p (resp. ) on every (co)simplicial object. 

In particular we have /i*: E p GLk — > -E^GL^- resp. B p GLk — > BiGLx and 

p)-simplex cr in F(A). 



K 



± K P - Recall that we started with a (p, i 



Write a p for the (i, i)-bisimplex fi* o a o (idj^ x/4 p ). Then the inverse of the 
Alexander- Whitney map sends a to ^ sgn(/i)cr M , where the sum runs over all 
(p,i — p)-shufnes /z. The image of this under Karoubi's construction 6.10 is then 
given by 



Thus, to complete the proof we have to show that 



' A*-p x Ap 



(axid AP )*ch^ a 



IE P GL K xA p K 



E 



sgn(fi) / (c^idA*)*^* 3 



1-EiGLic x At 
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Consider the following commutative diagram 

X K x A l K p x A P K > E P GL K x A P K 



id x x id A i_ p XjuJ 



A 

idB p gl x/^J 



I K x A l K p x A 4 X > S P GL X x A) 



id x xo4- p ,id Ai ) 



/ipxid A , 



» . (o" M ,id A i) „ „ . 

X K x A^ E t GL K x AJj. . 

We denote the composition (id A »- P x/j, P )o(ril~ p , id A i) : A % K — > A^r p x A^ by fil~ p ' p . 
Note that this is exactly the map corresponding to the shuffle /U in the standard 
decomposition of A l ~ p x A p in z-simplcxes. It follows from this decomposition that 

/ (?)=£sgnOi) / (id x x M r^)*(?). 



Since ch^ ar is asimplicial differential form we have (Mpxid A ;)* ch^ ar | B . G ~ Ljf xA i 
( id s„GL K X A**)* ch^ ar L g - WxA p ■ . Hence we get 



l£„GL K xA^ 

,Kar I _ / -i \* „i,Kar 



(idx x^)*(. x id AP r l pGLkxAP - (<v,id A o* < ar u GLkxA >- 

Setting (?) = (er x id AP )* ch^ ar \ E g ~ LjcxAp in the above formula the claim follows. 



□ 
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